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Abstract
The C1-structurally stable diffeomorphims of a compact manifold
are those that satisfy Axiom A and the strong transversality condi-
tion (AS). We generalize the concept of AS from diffeomorphisms
to invariant compact subsets. Among other properties, we show the
structural stability of the AS invariant compact sets K of surface dif-
feomorphisms f . Moreover if fˆ is the dynamics of a compact manifold,
which fibers over f and such that the bundle is normally hyperbolic
over the nonwandering set of f |K, then the bundle over K is persis-
tent. This provides non trivial examples of persistent laminations that
are not normally hyperbolic.
A classical result states that hyperbolic compact sets are C1-structurally
stable. A compact subset K of a manifold M is hyperbolic for a diffeomor-
phism f of M if it is invariant (f(K) = K) and the tangent bundle of M
restricted to K splits into one or two Tf -invariant subbundles contracted or
expanded. An invariant subset K of a diffeomorphism f is C1-structurally
stable if every C1-perturbation f ′ of f leaves invariant a compact set K ′
homeomorphic to K by an embedding C0-close to the inclusion K ↪→ M
which conjugates the dynamics f |K and f ′|K ′.
Such a result was generalized toward two directions that we would love
to unify.
The first was to describe the C1-structurally stable diffeomorphisms of
compact manifolds (K is then the whole manifold). This description used
the so-called concept of Axiom A diffeomorphisms: the diffeomorphisms for
which the nonwandering set is hyperbolic and equal to the closure of the
set of periodic points. A diffeomorphism satisfies Axiom A and the strong
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transversality condition (AS) if moreover the stable and unstable manifolds
of two nonwandering points intersect each other transversally.
The works of Smale [Sma67], Palis [PS70], de Melo [dM73], Robbin
[Rob71], Robinson [Rob76] and Man˜e [Man˜88] achieved a satisfactory de-
scription of the C1-structurally stable diffeomorphisms stated in the follow-
ing Theorem.
Theorem 0.1 (Structural Stability). The C1-structurally stable diffeomor-
phisms of compact manifolds are exactly the AS diffeomorphisms.
The concept of structural stability is fundamental since if one under-
stands the global behavior of a structurally stable diffeomorphism, then he
understands the topological behavior of every perturbation of it. However
such diffeomorphisms are not dense, and so this leads us to generalize this
notion in order to include more diffeomorphisms. A first generalization is
the Ω-stability : every perturbation of the dynamics has a homeomorphic
nonwandering set and, via this homeomorphism the dynamics on the non-
wandering set is conjugated. However Ω-stability does not imply that the
interactions between the transitivity classes (i.e. basic set) are persistent and
moreover is not generic in the C2 topology (Newhouse phenomena). Also
the Ω-stable diffeomorphisms are Axiom A. Consequently every conserva-
tive Ω-stable diffeomorphism is Anosov (the whole manifold is hyperbolic).
This reduces a lot the variety of the examples.
However Smale program was actually to understand most of the dy-
namics by splitting the phase space into several well understood invariant
subsets. He simplified furthermore the study to surface diffeomorphisms
and got the concept of Axiom A diffeomorphisms. I believe the following
definition is a good candidate for the “structurally stable subsets” of the dy-
namics, since there are also non trivial examples in conservative dynamics.
Definition 0.2. An invariant, compact subset K of a C1 diffeomorphism is
AS if:
(i) The nonwandering set Λ of the restriction f |K is hyperbolic and equal
to the closure of the periodic points in K:
Λ := Ω(f |K) = Per(f |K),
(ii) There exists  > 0 such that for all points (x, y) ∈ K2, the -local
stable manifold W s (x) and the -local unstable manifold W
u
 (y) are
transverse, and the (possibly empty) intersection is included in K.
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We recall that the -local stable manifold of x is
W s (x) := {y : d(fn(x), fn(y)) < ,∀n ≥ 0}.
Example 0.3. Let f be a diffeomorphism which leaves invariant two hy-
perbolic compact subsets K1 and K2. We suppose that K1 and K2 are the
closure of periodic points subsets. Let (W sloc(x))x∈K1 be a continuous family
of local stable manifolds of points of K1; let (W
u
loc(y))y∈K2 be a continu-
ous family of local unstable manifolds of points of K2. We suppose that
the intersection of W sloc(x) with W
u
loc(y) is transverse and compact for all
x ∈ K1 and y ∈ K2. Then the union K12 := ∪(x,y)∈K1×K2W sloc(x) ∩W uloc(y)
is a compact subset. Also K := K1 ∪K2 ∪⋃n∈Z fn(K12) is an AS compact
subset.
We notice that K is not hyperbolic if the dimension of the stable direc-
tions of K1 and K2 are different. This is the case for perturbations of the
conservative dynamics of the product of the Riemannian sphere with the
real line
f : (z, t) 7→
(
2z,
1 + 2|z|2
2 + |z|2 t
)
.
For some perturbation f , the hyperbolic fixed point K1 close to (0, 0) has a
local unstable manifold that intersects transversally a local stable manifold
of the hyperbolic fixed point K2 close to (∞, 0) at a circle K12.
We will generalize in section 1.1 some of the dynamical properties of AS
diffeomorphisms to AS compact subsets.
This is a first Theorem of this paper:
Theorem 0.4. If K is an AS compact subset for a C1 diffeomorphism a
manifold M of dimension at most 2, then K is structurally stable.
Example 0.5. Let f be a Morse-Smale diffeomorphism of a surface M .
This means that f is an AS diffeomorphism with a finite nonwandering set.
Consequently there exists an attracting periodic orbit (pi)
n
i=1. We suppose
that the eigenvalues of the derivative of fn at this orbit are not real.
As an algebraic geometer we blow up each point pi to a circle Si and a
neighborhood of it to a Mo¨bius strip. This makes a new surface M˜ . The
dynamics f lifts to a dynamics f˜ on M˜ which preserves the circle and acts
on them as a rotation.
Moreover, the manifolds M˜ \ ∪iSi and M \ ∪i{pi} are equal, also the
respective restrictions of the dynamics f˜ and f are equal. Therefore, the
complement of the attraction basin of ∪iSi is an AS compact subset of M˜ .
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Remark 0.6. The above Theorem implies obviously the main Theorem
of [dM73] on structural stability of AS surface diffeomorphisms. Actually
the latter article is partially wrong because the affirmation “Clearly hg also
preserves the foliation Fu” P 244 L-3 is wrong when the stable dimensions of
the basic pieces k and j are not the same. On the other hand Theorem 0.4
does not generalize [Rob76], but its proof is hopefully easier to understand...
Another generalization of the structural stability Theorem of a hyper-
bolic set K is to blow up every point of K to a manifold, in order to obtain a
family of disjoint immersed manifolds which depend locally C1 continuously.
This reaches the concept of lamination.
A lamination is a secondly countable metric space L locally modeled
on the product of Rn with a locally compact metric space T such that the
changes of coordinates are of the form:
φij : Ui ⊂ Rn × T → Uj ⊂ Rn × T ′
(x, t) 7→ (g(x, t), ψ(x, t)),
where the partial derivative w.r.t. x of g exists and is a continuous function
of both x and t, and where ψ is locally constant w.r.t. x.
A plaque is a set of the form φ−1(Rn × {t}) where φ is a chart. The leaf
of x ∈ L is the union of all the plaques which contain x. A maximal atlas L
of compatible charts is a lamination structure on L. Given an open subset
L′ of L, we denote by L|L′ the structure of lamination on L′ formed by the
charts of L whose domain is included in L′.
The reader not familiar with the laminations should look at [Ghy99],
[Ber08].
Laminations are specially interesting when they are embedded. An em-
bedding of a lamination (L,L) into a manifold M is a homeomorphism i
onto its image which is an immersion. A continuous map i : L→ M is an
immersion if its differential along the plaques of L exists, is injective and de-
pends continuously on x ∈ L. Two embeddings are C1 close if they are close
in the C0-compact-open topology and their differential along the plaques are
close for the compact-open topology. The reader might see [Ber08] for more
details about this topology.
Usually we identify an embedded lamination with its image. We note
that its plaques are submanifolds of M and its leaves form a family of disjoint
injectively immersed submanifolds. Thus the tangent space TxL at x ∈ L of
its leaf is identified to a subspace of the tangent space TxM of M at x.
A diffeomorphism f of M preserves this lamination if it sends each leaf
of L into a leaf of L, or equivalently each plaque of L into a plaque of L.
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Such a lamination is C1-persistent if for f ′ C1 close to f there exists
an embedding i′ C1 close to i such that f ′ preserves L embedded by i′
and induces the same dynamics on the leaves of L as f . We notice that
when the dimension of the lamination (that is of its leaves) is zero, then the
lamination L is persistent iff the subset L is structurally stable.
Let us recall that a diffeomorphism f is normally hyperbolic to an em-
bedded lamination (L,L) if the tangent bundle of M restricted to L is the
direct sum of TL with two Tf invariant subbundles Es → L and Eu → L
such that the following property holds. There exists λ < 1 such that for
every x ∈ L, for every n ≥ 0 sufficiently large, for all unit vectors vc ∈ TxL,
vs ∈ Esx and vu ∈ Eux :
‖Txfn(vs)‖ < λn min(1, ‖Txfn(vc)‖) and λn‖Txfn(vu)‖ > max(1, ‖Txfn(vc)‖).
When L is compact, n can be chosen independently of x. Otherwise this
is in general not the case. If the strong stable direction Es is 0, then the
lamination (L,L) is normally expanded by f .
The founders of this way of generalization were Hirsch, Pugh and Shub
(HPS). This is their main Theorem:
Theorem 0.7 (Hirsch-Pugh-Shub [HPS77]). Compact, normally hyperbolic
and plaque-expansive laminations are persistent.
This Theorem is the fundamental one of the partially hyperbolic dynam-
ics field.
The plaque-expansiveness is a generalization of the expansiveness to the
space of leaves. The necessity and automaticity of the plaque-expansiveness
in the above Theorem is still an open problem. We will give its definition
in Section 2.1.
A paradigmatic application of the HPS’s Theorem is when f is the prod-
uct dynamics of an Anosov diffeomorphism of a compact manifold M with
the identity of a compact manifold N . Then the bundle M × N → M is
C1-persistent as a lamination. This means that for every f ′ C1 close to f ,
there exists a continuous family of disjoint C1 submanifolds (N ′x)x∈M s.t.
N ′x is C1 close to {x} ×N and f ′(N ′x) = Nf ′(x).
Let us generalize the above example by considering that f is the product
dynamics of an AS diffeomorphism g of M with the identity of a manifold
N . Then the persistence of L is not a consequence of the HPS’ Theorem if
g is not Anosov nor a consequence of the structural stability Theorem if N
has non-zero dimension. However it is the consequence of the main Theorem
of this paper if the dimension of M is 2 (the case of dimension 1 is easy).
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Theorem 0.8 (Main result). Let pi : Mˆ →M be a C1 bundle over a surface
with compact fibers. Let K be an AS compact subset for a diffeomorphism f
of M . Let fˆ be a diffeomorphism of Mˆ which preserves the bundle pi and lift
f . We suppose that the bundle is normally hyperbolic over the nonwandering
set of f |K. Then the bundle over K is C1-persistent as a lamination. In
other words the lamination (L,L) supported by pi−1(K) and whose leaves are
the connected component of fibers of K’s points is C1-persistent.
A simple application of this Theorem is when K is equal to M and
so f is an AS diffeomorphism of a surface; fˆ is the product dynamics on
Mˆ = M ×N of f with the identity on a compact manifold N .
Example 0.9. Let us come back to the dynamics f : (z, t) 7→
Ä
4z, 1+2|z|
2
2+|z|2 t
ä
of the product of the sphere with the real line in Example 0.3. This is an
AS bundle over the sphere. In order to use Theorem 0.8, we compactify
canonically the fibers to circles. Such a compact bundle is persistent. This
dynamics appears in some hetero-dimensional cycles of dynamics of R3. For
instance when the cycle is supported by the union of the unit sphere with
the vertical line passing through the poles {0,∞} of the sphere, and whose
dynamics at the neighborhood of unit sphere is f . The persistence of this
bundle might be useful for showing some non-uniform hyperbolic properties
of perturbations of this hetero-dimensional cycle.
We notice that contrary to the previous Theorems, the hypothesis of this
one is not open. Actually the proof will exhibit a class of laminations which is
open, but too complicated to be described here. Though the above Theorem
generalizes the structural stability Theorem in dimension two, it does not
generalize the HPS Theorem. In order to state a conjecture generalizing
both results, let us recall the definition of a saturated set.
A saturated set Λ of a lamination (L,L) embedded into a manifold M is
a union of leaves of L. If K is a subset of L, the L-saturated set of K is the
union of the leaves of K’s points. We note that if K is an invariant compact
subset and if L is compact, then its L-saturated set is an invariant compact
subset.
Definition 0.10. A compact lamination (L,L) embedded into a manifold
M and preserved by a diffeomorphism f is normally AS if there exists  > 0
such that:
• The saturated Ω(L) of the nonwandering set of f restricted to L is
normally hyperbolic (and plaque-expansive),
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• For any pair of L leaves, the -local stable set of the one (which is an
immersed submanifold) is transverse to the -local unstable set of the
other, and their intersection is included in L,
• Ω(L) is locally maximal in M .
This is our conjecture:
Conjecture 0.11. Compact normally AS laminations are C1-persistent.
We notice that the main Theorem solves this conjecture when the leaves
of the foliation are the connected components of a preserved C1 bundle over
a surface.
Physically we can interpret this conjecture as follows. The modeling of
a phenomenon neglects usually many variables. These variables are geo-
metrically the fibers of a bundle, or even the leaves of a lamination. The
dynamics along these fibers is weaker than the one on the basis, thus an AS
compact subset is blown up to an AS lamination. Thus we propose here to
show that if we do not neglect these variables and perturb the full system,
then the new system is conjugated to first modulo new negligible variables.
Half of this work has been established during my PhD thesis under the
direction of J.-C. Yoccoz at Universite´ Paris Sud. I am very grateful for his
guidance. The rest of this work was done at the CRM (Bellatera, Spain),
the IHE´S (Bures-sur-Yvette, France) and the LAGA (Paris, France).
1 Geometry and dynamics of AS compact subsets
Axiom A and AS diffeomorphisms were deeply studied in the 60-70’s. We
are going to generalize some of these results to AS compact subsets.
Let f be a diffeomorphism of a compact manifold M and let K be an AS
compact subset f -invariant. Let Λ be the nonwandering set of the restriction
of f to K.
For x ∈ Λ, we denote by W sK(x) the intersection of the stable manifold
of x with K; we denote by W sK(x) the union of the -local stable manifolds
of points of W sK(x). We define similarly W
u
K(x) and W
u
K(x).
Let λ < 1 be greater than the contraction of the stable direction of Λ.
Let d˜ : (x, y) 7→ supn≥0 min
Ä
d(fn(x),fn(y))
λn , 1). For x ∈ K and  ∈ (0, 1), let
W˜ s (x) be the ball centered at x and with radius  for this metric d˜.
We notice the following property:
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Fact 1.1. For every x ∈ K, the ball W˜ s is a local stable manifold of x.
Moreover:
• f
Ä
W˜ s (x)
ä
⊂ W˜ sλ
Ä
f(x)
ä
,
• there exists n > 0 such that W˜ s (x) = ∩m≤nf−m
(
W sλm
Ä
fm(x)
ä)
,
• cl(W˜ s (x)) = ∩′>W˜ s′(x).
Proof. The first item is clear and the last is an immediate consequence of
the second. To show the second we notice that the point x has its iterate
fn(x) which belongs to ∪y∈ΛW s (y) for some large n, and then W s (fn(x)) =
W˜ s (f
n(x)).
We call W˜ s (x) the adapted -local stable manifold of x.
The adapted -local stable manifolds are inspired from the work of Robin-
son: their geometry is similar to the one of “unstable disk families” well
described in [Rob75].
1.1 Dynamics on K
Let us describe the dynamics on K by adapting classical arguments (see
[Sma67], [Shu78]).
If for two periodic points x, y ∈ Λ, the set W sK(x) intersects W uK(y) and
W sK(y) intersects W
u
K(x), we write x ∼ y. This relation is obviously reflexive
and symmetric. Let us show its transitivity.
First we note that two points in relation ∼ have their stable manifold
(resp. unstable manifold) of the same dimension. Moreover, the relation is
f -invariant: x ∼ y iff f(x) ∼ f(y).
Let x, y and z be three periodic points of Λ such that x ∼ y and y ∼ z.
By the f -invariance of ∼, the points x and z are in relation for f if their
images by any iterates of f are in relation. So we can suppose that x, y
and z are fixed points of f . Let yx and yz be two points of the intersections
W sK(x)∩W uK(y) andW sK(y)∩W uK(z) respectively. By iterating the dynamics,
we may assume that yx and yz are close to y. By the lambda lemma,
W s (yx) and W
u
 (yz) are close to W
s
 (y) and W
u
 (y) respectively. Thus the
intersection W s (yx) ∩W u (yz) ⊂ W sK(x) ∩W uK(z) is not empty. And so
by Property ii of the AS definition, the intersection W uK(x)∩W sK(z) is non
empty. Such an argument proves that x ∼ z. Thus the relation ∼ is an
equivalence relation.
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As two close points of Λ∩Per(f) are equivalent; the sets supporting two
different equivalence classes of ∼ are δ-distant for some δ > 0.
We denote by (Λi,j)i,j the closure of the equivalence classes in Λ. They
are δ-distant and their union is equal to the compact set Λ, by density
of the periodic points. Thus there are finitely many equivalence classes.
By f invariance of ∼, these equivalence classes are all periodic. We put
f(Λi,j) = Λi,j+1 and Λi := ∪jΛi,j .
The family (Λi)i is the spectral decomposition of Λ and each of its ele-
ments is a basic set.
Let us show that each basic set Λi is transitive: for all x, y ∈ Λi, for all
neighborhoods U of x and V of y for the topology of K, there exists n > 0
such that fn(U) ∩ V is nonempty. By density of the periodic points, we
only need to show this when x and y are periodic. By replacing y by some
of its iterates, we may suppose that x and y belong to a same Λi,j . Let
q ∈ W uK(x) ∩W sK(y). For every sufficiently large multiple n of the period
of x and y, f−n(q) belongs to U and fn(q) belongs to V . Thus f2n(U)
intersects V .
As each basic set Λi is hyperbolic and in the closure of the periodic
orbits, the stable set of Λi:
W s(Λi) := {x ∈M : d(fn(x),Λi)→ 0, when x→ +∞}
is equal to the union of manifolds ∪x∈ΛiW s(x). The reader should look at
[Shu78], Prop 9.1 for a proof.
Intersecting with K, we get:
W si := {x ∈ K : d(fn(x),Λi)→ 0, when x→ +∞} =
⋃
x∈Λi
W sK(x).
Similarly:
W ui := {x ∈ K : d(fn(x),Λi)→ 0, when x→ −∞} =
⋃
x∈Λi
W uK(x).
Let us write Λi  Λj if W ui \ Λi intersects W sj \ Λj .
Proposition 1.2. If Λi  Λj then there exist two periodic points pi ∈ Λi
and pj ∈ Λj such that W u(pi) intersects W s(pj).
Proof. Let qi ∈ Λi and qj ∈ Λj be two points such that W u(qi) intersects
W s(qj) at some point q ∈ K. Thus for n > 0 large, the iterate fn(q) is close
to fn(qj). Consequently the -local unstable manifold of f
n(q) intersects
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the -local stable manifold of a periodic point fn(pj) ∈ Λj close to fn(qj).
Let fn(p′) be this intersection point. It must belong to K. Pulling back
this construction by fn, we get the existence of an intersection point p′ ∈ K
between W s(qi) and W
u(pj). We construct similarly pi.
Proposition 1.3. The relation  can be completed to a total order.
Proof. This Proposition is equivalent to the no-cycle condition: if Λj+1  Λj
for j ∈ {1, . . . , n} with Λn+1 = Λ1, then Λj = Λj+1 for every j ∈ {1, . . . , n}.
Let us construct by induction on i, a periodic point pi ∈ Λi such that W uK(pi)
intersects W sK(pi+1) at a point qi ∈ K and for i = n, fk(pn+1) ∼ p1 for some
k.
The existence of p1 and p2 follows from the last Proposition. Let us
suppose (pl)l≤i constructed. There exist periodic points p′i ∈ Λi and pi+1 ∈
Λi+1 such that W
u
K(p
′
i) intersects W
s
K(pi+1). By replacing the points p
′
i and
pi+1 by their image by some iterate f
k, we may assume that pi ∼ p′i. Thus,
by proceeding as for the proof of the transitivity of ∼, we get that W uK(pi)
intersects W sK(pi+1). The last statement for i = n is clear.
One easily shows that each point qi ∈W uK(pi)∩W sK(pi+1) is nonwander-
ing and so belongs to Λ. Looking at the backward and forward orbit of qi,
this point belongs to a basic set which is arbitrarily close to Λi and Λi+1.
So indeed the basic pieces (Λi)
n
i=1 coincide.
We renumber the sets (Λi)i according to this total order, so Λi ≺ Λj
only if i < j. By the above Proposition, we note that if i ≤ j then W ui does
not intersect W sj . However W
s
i does not necessarily intersect W
u
j .
Theorem 1.4. Let f be a homeomorphism of a metric space which leaves
invariant a compact subset K. Let Λ = Λ1 unionsq · · · unionsq ΛN be a disjoint union
of invariant closed subsets which contains the (ω and α)-limit set of f |K.
If for every i < j, W ui ∩W sj = ∅ then there exists of a sequence of closed
subsets of K:
∅ = K0 ⊂ K1 ⊂ · · · ⊂ KN = K
such that for all i ≥ 1:
1. f(Ki) ⊂ K˚i, with K˚i the interior of Ki for the topology of K induced
by M ,
2. Λi =
⋂
n∈Z fn(Ki \Ki−1).
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Such a sequence (Ki)i is called a filtration adapted to (Λi)i.
For a proof the reader should read Theorem 2.3 of [Shu78]. Actually
the cited Theorem asks K to be a manifold, but this fact is useful uniquely
to choose (Ki)i among the submanifolds with boundary. This is not asked
here.
Property 1.5. For every i ∈ {0, . . . , N}, the following equality holds :
∩n≥0fn(Ki) = ∪j≤iW uj .
Proof. The compact set ∩n≥0fn(Ki) contains its f -preimage and so its
backward limit set is included in unionsqj≤iΛj . Thus ∩n≥0fn(Ki) is included
in ∪j≤iW uj .
On the other hand, ∩n≥0fn(Ki) contains unionsqj≤iW u (Λj) ∩K and by f−1-
stability it contains ∪j≤iW uj .
Let us recall a last classical definition:
A fundamental domain for the unstable manifolds of a hyperbolic set Λ,
is a closed subset ∆ ⊂W u(Λ) such that⋃
n∈Z
fn(D) ⊃W u(Λ) \ Λ.
The fundamental domain D is proper if moreover ∆ ∩ Λ is empty.
Let us recall the
Lemma 1.6 ([HPPS70] Lemma 3.2). Let Λ be a hyperbolic set for f such
that cl
Ä
Per(f) ∩ Λ
ä
= Λ. For every δ small enough:
∆ := cl
(
W uδ (Λ) \ f−1
Ä
W uδ (Λ)
ä)
is a proper fundamental domain for W u(Λ).
1.2 Stratified structures on a local stable set of K
We are going to endow a local stable set ofK with a structure of stratification
of laminations, and then with a structure of trellis of laminations. The main
steps of this construction are illustrated in figure 1.
Following J. Mather [Mat73], a stratified space is a metric space A
equipped with a finite partition Σ of A into locally closed subsets, satis-
fying the axiom of the frontier :
∀(X,Y ) ∈ Σ2, cl(X) ∩ Y 6= ∅ ⇒ cl(X) ⊃ Y. We write then X ≥ Y.
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Figure 1: a) Morse-Smale Dynamics of the plan whose nonwandering set is equal to
seven fixed points (2 sinks Λ0 and Λ1, 3 saddles Λ2, Λ3 and Λ4, and also 2 sources Λ5
and Λ6). b) The compact set K is equal to the union of Λ0, Λ1, Λ2, Λ5, Λ6, W
s(Λ4),
Wu(Λ3); a half stable manifold of Λ3 and half unstable manifolds of Λ2 and Λ4,
and also the domain bounded by these five points and curves. c) Local stable set A
of K. d) Stratification of laminations Σ on A and the tubular neighborhoods of the
strata of dimension different to one. e) Tubular neighborhoods of the highest one
dimensional strata. f) Tubular neighborhood of a lower one dimensional stratum.
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The pair (A,Σ) is called stratified space with support A and stratification
Σ.
Let us illustrate this definition by a useful Proposition illustrated by
figure 1. b),
Proposition 1.7. Let f be a diffeomorphism of a manifold (of any dimen-
sion). Let K be an AS compact subset of M . Let (Λi)i be the basic set
of f |K and W si := W s(Λi) ∩ K. Then the family of sets (W si )i forms a
stratification on K.
Moreover, W si ≥W sj implies Λi  Λj and so i ≤ j.
Proof. The family (W si )i is obviously a finite partition. Let us show the
frontier condition and the relation between ≥ and . Let i, j be such that
cl(W si ) intersects W
s
j .
If i is not equal to j, it follows from Lemmas 1 and 2 P.10 of [Shu78] that
the closure of W si intersects W
u
j \ Λj . This gives the last statement of the
Proposition. Let x be a point which belongs to this intersection. As (W sk )k
covers K, there exists j1 such that x belongs to W
s
j1
. By Property (ii) of
AS compact set and the lambda lemma, the closure of W sj1 contains W
s
j .
Moreover, the closure of W si intersects W
s
j1
. And so on, we can continue
to construct (Λjk)k. As the family (Λi)i is finite and there is no-cycle, the
family (Λjk)k is finite. Thus, we obtain:
cl(W si ) = cl(W
s
jn) ⊃ · · · ⊃ cl(W sj1) ⊃W sj .
For persistence purpose, it is useful to endow the strata with a geometric
structure. When a hyperbolic set Λ is equal to the closure of a periodic points
subset, then its has a local product structure (see prop. 8.11 of [Shu78]) and
so W s (Λ) := ∪x∈ΛW s (x) has a structure of lamination whose plaques are
local stable manifolds.
A stratification of laminations is the data of a laminar structure on each
stratum of a stratification, such that for any strata X ≥ Y , the dimension
of X is at least equal to the dimension of Y .
Under the hypotheses of Propositon 1.7 with furthermore K equal to the
whole manifold M , (that is K = M and f is AS), then we have proved in
Proposition 1.2.7 of [Ber07] that each stable set W si has a lamination struc-
ture whose leaves are the local stable manifolds of Λi´s points. Moreover
the laminations (W si )i form the strata of a stratification of laminations Σ
on K = M .
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When K is not M , unfortunately (W si )i is in general not a stratification
of laminations. As we see on figure 1.b) the strata W s0 and W
s
1 correspond to
the sinks basins, but are not open inM and so cannot have a two dimensional
laminar structure. This is why we extend K to the union of the adapted
stable manifolds of its points, as illustrated by figure 1.c).
Proposition 1.8. Let f be a diffeomorphism of a manifold (of any dimen-
sion). Let K be an AS compact subset of M .
For every small  > 0, there exists a stratification of laminations Σ on
A := ∪x∈KW˜ s (x). Each stratum Xk of Σ is associated to a basic set Λk.
The support of Xk is
Xk :=
⋃
x∈W s
k
W˜ s (x) = W
s(Λk) ∩A.
The plaques of Xk are local stable manifolds.
Proof. There are two properties to be proved. The first is the frontier con-
dition of the stratification, the second is the laminar structure on each of
these strata.
Frontier condition of Σ.
Let cl(Xi)∩Xj 6= ∅. In other words, the closure ofXi = W s(Λi)∩A intersects
Xj = W
s(Λj)∩A. Let x be a point of this intersection and let xn := fn(x).
Then any forward limit z of (xn)n belongs to Λj ⊂ W sj . Also there exists
(yk)k ∈ W sNi such that x is close to W˜ s (yk) when k is large. Thus xn is
close to W˜ sλn(y
k
n), with y
k
n = f
n(yk) by fact 1.1. Taking first n large and
then k large w.r.t. n, we get that xn is close to W
s
i . This implies that z
belongs to cl(W si ). We proved that the closure of W
s
i intersects Λj ⊂ W sj .
By Proposition 1.7, the closure of W si contains W
s
j and W
s
i intersects W
u
j .
We want to prove Xi ≥ Xj . This is now a mere consequence of the
following Lemma:
Lemma 1.9. The map x ∈ A 7→ cl
Ä
W˜ s (x)
ä
is continuous for the Hausdorff
topology.
Moreover for every i, the map x ∈ Xi 7→ W˜ s (x) is continuous for the
C1-topology.
Proof. We start by proving the upper semi-continuity of the map: W˜ s (y) is
included in a small neighborhood of W˜ s (x), when y ∈ A is close to x ∈ A.
Let (yn)n be a sequence which converges to x. For each n, chose y
′
n ∈
W˜ s (yn) and take a limit point y
′ of (y′n)n when n approaches infinity. For
every ′ > , we note that y′ belongs to the ′-ball centered at lim yn = x.
14
Also fk(y′) belongs to the λk′-ball centered at lim fk(yn) = fk(x). Thus y′
belongs to ∩′>W˜ s′(x) = cl
Ä
W˜ s (x)
ä
.
The lower semi-continuity is more tricky. We want to show that for every
x ∈ A, every η > 0, every y ∈ A close to x, the η-neighborhood of W˜ s (y)
contains W˜ s (x).
We observe that the adapted local stable manifolds depend continuously
on each set Xi. Indeed, for x and y in Xi, for n large, the points {fk(x)}k≥n
and {fk(y)}k≥n are nearby Λi and since λ is weaker than the contraction of
the basic sets, we have:
W˜ s (x) =
⋂
m≤n
f−m
(
W sλm
Ä
fm(x)
ä)
and W˜ s (y) =
⋂
m≤n
f−m
(
W sλm
Ä
fm(y)
ä)
.
This proves the second statement of the Lemma.
Thus the following Lemma accomplishes the proof of the continuity:
Lemma 1.10. For every y ∈ Xi close to x ∈ Xj with i < j, the manifold
W˜ s (x) contains a submanifold C
1 close to W˜ s (y).
We first prove this fact for x, y ∈ K because it sufficient to prove that
(Xk)k is a stratification.
Thus, we begin with x ∈W sj and y ∈W si , where W si > W sj .
By transitivity of the frontier condition of the stratification (W sk )k, it is
sufficient to prove the case for which there is no k such that W si > W
s
k > W
s
j .
By replacing x and y by their image by an iterate fn of the dynamics
and  by λn, we can suppose these points close to Λj and  small, since
W˜ s (z) = ∩nk=0f−k
Ä
B(fk(z), )
ä
∩ f−n
Ä
W˜ sλn(f
n(z))
ä
, for all z ∈ A and n ≥
0.
Let C be a cone field on a neighborhood U of W s (Λj), which satisfies
the following properties:
• for z ∈ f(U) ∩ U , Tf−1 sends C(z) into C(f−1(z)) and λ-expands its
vectors,
• for z ∈ W s (Λj) ∩ U , the space TzW s (z) is a maximal plane included
in C(z),
• z 7→ C(z) is continuous.
Sublemma 1.11. The intersection of D := cl
(
W uη (Λj) \ f−1
Ä
W uη (Λj)
ä)
with W si is compact.
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Proof. We notice that D is disjoint from W sj by Property 1.5, and so disjoint
from ∪l≤jW sl , whereas W si has its closure included in W si ∪
⋃
l≤jW sl .
Sublemma 1.12. for η > 0 small enough and z ∈ D ∩W si , the tangent
space TzW
s
 (z) intersects C(z) at a subspace of the same dimension as the
stable one of Λj .
Proof. Otherwise there is z ∈W si ∩W u (Λj) arbitrarily close to Λj such that
the vectors of TzW
s(z) and C(z) does not span the TzM : TzW
u(z)+C(z) 6=
TzM. As z is close to Λj we can push forward this sum, and the limit
exhibit a tangency between W u (Λj) and Xi. This is a contradiction with
the definition of AS compact set.
By compactness, there exists δ > 0 such that for every z in a compact
neighborhood N of D∩W sj in Xi, there exists a submanifold P0(z) of W˜ s (z)
such that:
• The tangent space of P0(z) is contained in C(z) and its dimension is
the same as the stable one of Λj .
• P0(z) contains z and its boundary is δ-distant from z.
We suppose δ < . We define by induction Pn+1(z) := U∩B(f−n−1(z), )∩
f−1(Pn(z)).
By the lambda lemma, Pn(z) is C
1-close to a some -local stable mani-
folds of Xj , if f
−n(z) is close to Λj .
By compactness, this holds uniformly for z ∈ N . such that f−n(z) is
close to Λj . As λ is greater than the contraction of C, we have Pn(z) ⊂
W˜ s (f
−n(z)).
As a point y ∈ Xj nearby x ∈ W si belongs to f−n(N) with n large,
the adapted stable manifold W˜ s (y) contains Pn(f
n(y)) which is close to
W s (x) = W˜
s
 (x).
We proved that x ∈ K 7→ W˜ s (x) is continuous. This is actually sufficient
to imply the frontier condition of (Xk)k.
Let us now reapply the argument to finish the lower-semi-continuity
proof of x ∈ A 7→ W˜ s (x). It remains the case x ∈ Xj and y ∈ Xi with i < j.
By transitivity of the frontier condition of the stratification (Xk)k, it is now
sufficient to prove the case for which there is no k such that Xi > Xk > Xj .
Moreover by replacing x and y by their images by some iterates of the
dynamics, we can suppose x and y close to Λj . Then W˜
s
 (y) contains a
manifold Pn(z) close o W˜
s
 (x) = W
s
 (x). This implies the continuity of
x ∈ A 7→ W˜ s (x).
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Laminar structure on each Xi.
Let (Kk)k be a filtration adapted to (Λk)k. Let K˚i be the interior of Ki
for the topology of K induced by M .
Let us prove that Xni := ∪x∈f−n(K˚i)∩W si W˜
s
 (x) is laminated by local
stable manifolds.
As fm(W˜ s (x)) ⊂ W sλm(fm(x)) and ∩m≥0fm(Ki) ∩ W si = Λi, the set
fm(Xni ) is included in W
s
/2(Λi) for m large. Also W
s
/2(Λi) supports a
laminar structure by local stable manifolds since Λi has a local product
structure. This structure can be induced on Xni if f
m(Xni ) is an open subset
of W s/2(Λi). For an atlas of X
n
i is then formed by the pull back by f
m of
the W s/2(Λi) charts with domain included in f
m(Xni ). Eventually the union
of the atlases (Xmi )m forms a laminar structure on Xi.
Consequently it remains to show that fm(Xni ) is open in W
s
/2(Λi). Let
x′ ∈W s/2(Λi) be close to x ∈ fm(Xni ).
Let z ∈ fm−n(K˚i) ∩W si be s.t. x ∈ fm(W˜ s (f−m(z)). In particular z
belongs to W sλm(x) ∩K. As m is large, z is not far from x which is close
to x′ ∈W s/2(Λi). Also W u (z) contains a submanifold C1-close to an -local
unstable manifold of Λi by Lemma 1.10 applied to the inverse dynamics.
Consequently W u (z) intersects transversally W
s
 (x
′) at a set which con-
tains a point z′ close to z. By the second condition of AS compact set
definition, the point z′ belongs to K. Thus, the point z′ belongs to the open
neighborhood fm−n(K˚i) of z ∈ K.
As both z and z′ belong toW si , Lemma 1.9 implies that fm(W˜ s (f−m(z)))
and fm(W˜ s (f
−m(z′))) are C1 close. Also x′ belongs toW s (z′) ⊃ fm(W˜ s (f−m(z′)))
and is close to x ∈ fm(W˜ s (f−m(z))). Thus x′ belongs to fm(W˜ s (f−m(z′)))
when x′ is close to x. In particular x′ belongs to fm(Xni ).
Pulling back this construction by pi, we get on Mˆ a stratification of
laminations Σˆ whose strata are Xˆi := pi
−1(Xi) and whose leaves are the
connected components of the preimages by pi of the leaves of Xi.
1.3 Trellis structure on a local stable set of K
In order to prove the persistence of the stratifications of laminations Σ and
Σˆ, we shall use the existence of trellis structures on (A,Σ) and on (Aˆ, Σˆ).
A trellis (of laminations) on a laminar stratified space (A,Σ) is a family
of laminations T := (LX ,LX)X∈Σ such that for all strata X ≤ Y ∈ Σ:
• The set X is saturated in (LX ,LX) and LX is a neighborhood of X,
• each plaque P of LY included in LX is C1 foliated by plaques of LX ,
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• every point, close to the same plaque P , is included in a plaque P ′ of
LY included in LX , and whose foliation by LX -plaques is diffeomorphic
and C1 close to the one of P .
The lamination (LX ,LX) is the tubular neighborhood of X.
The tubular neighborhoods of the strata of maximal dimension are equal
to their strata since they are open.
In case Σ is the canonical stratification induced by an AS compact sub-
set, the 0-dimensional strata correspond to repulsive periodic orbits. The
tubular neighborhood of these strata is just a neighborhood of them lami-
nated by points, as illustrated by figure 1.d).
To construct the other tubular neighborhoods, here it is much simpler
to assume that M is a surface. The existence of tubular nieghborhood is
actually an open problem in higher dimension.
In the case K equals M and f is an AS diffeomorphism, we can use the
following result of de Melo :
Proposition 1.13 ([dM73], Thm 2.2 with its Rmk above). Let f be an
AS diffeomorphism of a compact surface. Let X be the stable set of the
union of the basic sets with a one dimensional stable direction. Then X
can be endowed with the structure of lamination whose leaves are the stable
manifolds. Moreover there exists a lamination LX on a neighborhood LX of
X such that every leaf of X is a leaf of LX and the leaves of LX that do not
intersect X form a C1 foliation on LX \X. Furthermore every LX-plaque
included in f−1(LX) is sent by f into a plaque of LX .
This Proposition provides the last tubular neighborhoods of the stratifi-
cation Σ: we give the same tubular neighborhood (LX ,LX) for all the basic
sets with one dimensional stable direction.
Let us construct the one dimensional tubular neighborhood of the strata
of an AS compact subset of a surface M , as illustrated by figures 1.e) and
1.f).
Proposition 1.14. Let f be a diffeomorphism of a surface M . Let K be
an AS compact subset of M . Then for every small  > 0, the stratification
of laminations Σ on A := ∪x∈KW˜ s (x) is endowed with a trellis structure T
such that the tubular neighborhood (Lk,Lk) of each Xk ∈ Σ satisfies:
• Each lamination Lk is locally f -invariant: every plaque of Lk con-
tained in f−1(Lk) is sent by f into a plaque of Lk.
• The tubular neighborhoods are compatible: for every x ∈ Lk ∩ Lj with
j ≤ k, every plaque of Lk containing x is included in a plaque of Lj.
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Corollary 1.15. Let Xˆk and Lˆk be the laminations on pi−1(Xk) and Lˆk :=
pi−1(Lk) whose leaves are the connected components of preimages by pi of the
leaves of Xk and Lk respectively. Let Aˆ := pi−1(A) and Σˆ := (Xˆk)k. The
family Tˆ := (Lˆk, Lˆk)k is a trellis structure on the pair (Aˆ, Σˆ).
Proof of Proposition 1.14. As we noticed, it remains only to construct the
tubular neighborhood of the one dimensional strata. Let J be the set of
indexes j such that Xj is one dimensional. We proceed by induction on
k ∈ J . As (L0,L0) = X0 is a tubular neighborhood of X0 (even if X0 is one
dimensional), we suppose the tubular neighborhood (Lj ,Lj)j≤k constructed.
This is a trellis structure for the stratification (Xj)j≤k on Ak := ∪j≤kXj .
Let us construct (Lk+1,Lk+1).
By Lemma 1.6, for every δ small enough:
∆ := cl
(
W uδ (Λk+1) \ f−1
Ä
W uδ (Λk+1)
ä)
is a proper fundamental domain for W u(Λk+1). we take δ < .
Let D be a small open neighborhood of ∆ ∩K in W u (Λk+1) ∩K.
Let Fu be the family of local unstable manifolds {W u (x); x ∈ D}.
By the strong transversality hypothesis, the manifolds of Fu are trans-
verse to the leaves of the laminations (Xj)j≤k.
Let J ′ := J∩{0, · · · , k}. As the laminations (Lj ,Lj)j∈J ′ are compatible,
the union of the atlases forms an atlas of lamination L˜ on L˜ := ∪j∈J ′Lj .
The union X˜ of the laminations (Xj)j∈J ′ is a saturated subset of (L˜, L˜) since
the laminations (Xj ,Lj)j∈J ′ are compatible. We endow X˜ with a laminar
structure whose leaves are the leaves of (Xj)j∈J ′ .
The lamination X˜ is closed in Ak+1 and so the intersection between
cl(D) and X˜ is compact. Consequently, the transversality between X˜ and
Fu is uniform at D.
Thus we can shrink each tubular neighborhood (Lj ,Lj)j∈J ′ , in order
that (L˜, L˜) is transverse to Fu at D.
Let D := ∪x∈DW˜ s (x). It is an open subset of Ak+1 := ∪j≤k+1Xj by
the following Lemma proved at the end of this section:
Lemma 1.16. Let O be an open subset of K and let ′ < . Then the subset
O′ := ∪x∈DW˜ s′(x) is open in A.
We notice that D \ X˜ is open (in Ak+1) and an open subset of it is
foliated by L˜ \ X˜.
We want to extend (L˜\X˜, L˜|L˜ \ X˜) to a C1 foliation on D\X˜ transverse
to Fu and locally f -invariant. As the leaves of L˜ are of dimension one, this
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would be simple if this foliation would have been of class C2. However it is
in general not the case since f is of class C1. The construction is done in
three steps:
• First we suppose δ small enough in order that T L˜ can be continuously
extended to a continuous line field χ on an open neighborhood of D,
uniformly transverse to Fu. Let χ˜ be a smooth approximation of χ.
• We smooth (and so lose partially the local invariance) L˜ off a neigh-
borhood ˜˙L of X˜ by the following Lemma:
Lemma 1.17 ( Lemma 1.4 [dM73]). Let F be a one dimensional C1
foliation of an open subset U of a manifold. Let C be a compact subset
of U and η > 0. Then for every neighborhood Cˆ of C there exists a
foliation F ′ which coincides with F on a neighborhood of C, which is
smooth on the complement of Cˆ and whose tangent space is everywhere
η-close to the one of F .
Then we patch this foliation to the one integrating χ˜ in order to form
a lamination F on D such that:
– F restricted to ˜˙L is L˜| ˜˙L,
– F restricted to D \ L˜ is smooth.
• For δ′ sufficiently close to δ, B+ := ∪x∈D+W˜ s (x) is disjoint from
B− := ∪x∈D−W˜ s (x), with D+ := K ∩W uδ (Λj+1) \ cl(W uδ′(Λj+1)) and
D− := f−1(D+).
We define on B+∪B−∪ ˜˙L the lamination F ′ equal to F on B+∪ ˜˙L and
equal to the pullback f∗F on B− ∪ f−1( ˜˙L). The lamination F ′ does
exist since F˜ | ˜˙L is locally f -invariant and B+ and B− are disjoint.
We complement as above F ′ to a lamination on D which is locally
f−invariant. Moreover we can suppose all the approximations done
sufficiently small such that F ′ is transverse to the -local unstable
manifolds of Λk+1’s points.
Let Lk+1 be the union Xk+1 ∪ ⋃n≥0 f−n(F ′) that we laminate by the pull
back of the leaves of F ′ and the leaves of Xk+1. This defines a lamination
Lk+1 by the lambda lemma.
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Proof of Lemma 1.16. Let x ∈ O′ . We want to prove that y ∈ A close
to x belongs to O′ . Let z ∈ O be such that x belongs to W˜ s′(z). The
intersection W˜ s′(x) with W
u
 (z) is transverse and contains z. By Lemma
1.9, for y close enough to x, the connected submanifold W s′(y) intersected
with W u (z) contains a point z
′ close to z. The point z′ must belong to K
by definition of AS-compact set, and so to O. Thus y belongs to O′ .
2 Persistence of trellis structures
In this section we recall the main Theorem of [Ber07] on persistence of
stratifications of laminations. The reader should look at this paper for more
details and examples.
Let us first recall a few terminologies.
2.1 Plaque-expansiveness
Let (L,L) be a compact lamination embedded into a manifold M . Let
f˜ be a diffeomorphism of M which preserves and leaves invariant (L,L).
For a positive real number η, an η-pseudo-orbit (xn)n∈Z which respects L
is a sequence of L such that for all n ∈ Z, f˜(xn) and xn+1 belong to a
same plaque of L of diameter less than η. A diffeomorphism f˜ is plaque-
expansive at (L,L) if for every small η, for all η-pseudo orbits (xn)n and
(yn)n respecting L such that xn and yn are η-close for every n ∈ Z, then x0
and y0 belong to a same small plaque. This is the definition used in HPS’
Theorem 0.7.
The persistence Theorem on trellis structure (see below) works also for
endomorphisms of manifold (C1 maps that are possibly non invertible).
Thus instead of considering pseudo-orbits, we shall regard forward pseudo-
orbits which are pseudo-orbits implemented by N. Moreover the laminations
are not all invariant and not all compact. This leads us to generalize the
above concepts in the following form.
Let (L,L) be a lamination. Let f be a continuous map from an open
subset V of L into L. Let η be a continuous, positive function on L. An
η-forward-pseudo-orbit (xn)n≥0 ∈ V N which respects L is a sequence such
that for all n ≥ 0, f(xn) and xn+1 belong to a same plaque of L of diameter
less than η(xn).
Let X ⊂ V be a L-saturated set. We say that f is η-forward-plaque-
expansive at X relatively to L if for every pair of η-pseudo-orbits (xn)n≥0 ∈
V N and (yn)n≥0 ∈ V N which respect L and such that d(xn, yn) ≤ η(xn),
then the points x0 and y0 belong to a same small plaque, which is moreover
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included in X. We say that f is forward-plaque-expansive at X if f is η-
forward-plaque-expansive at X for every function η smaller than a given
function.
Remark 2.1. This is a more general definition in the following example. Let
f be a D.A. of a torus (see [Sma67]). This is an AS diffeomorphism whose
basic sets are a repulsive point R and an attractor whose stable manifolds
form a lamination L which ends at R. For every η > 0, nearby R, there
are many η-pseudo-orbits which respect L and stay η-close to R. They are
not all in the same plaque and so f is not η-forward-plaque-expansive at L.
It is not the case for a suitable positive function, as shown in the following
example.
Example 2.2. Let Σ be the stratification constructed in Proposition 1.8 for
an AS compact set K of f . Let X be a stratum of Σ associated to a basic
set Λ, and let (LX ,LX) be its tubular neighborhood given by Proposition
1.14. For every δ > 0, by taking LX and a function η small enough, every
η-pseudo-orbit eventually lands in the δ-neighborhood of Λ. Therefore it
is sufficient to prove that for all η-close η-pseudo-orbits (xn)n and (yn)n in
B(Λ, δ) which respect LX , then x0 and y0 belong to a same small local stable
manifold of Λ. It is indeed the case. For put x′n := fn(x0) and y′n := fn(y0).
By λ-contraction along the stable direction of Λ, x′1 is (λ+ 1)η-close to x1,
x′2 is (λ(λ + 1) + 1)η-close to x2, and so on x′n is (
∑
i≤n λi)η-close to xn.
That is why (x′n)n is η/(1 − λ)-close to (xn)n.Thus we can shadow (yn)n,
(xn)n and (x
′
n)n by the orbit of a same point z ∈ Λ. We note that x0 and
y0 belong to a same small local stable manifold of z.
2.2 Statement of the persistence Theorem of stratifications
of laminations
Let (A,Σ) be a stratified space endowed with a structure of trellis T . An
embedding of (A,Σ, T ) into a manifold M is a homeomorphism from A onto
its image in M whose restriction to each tubular neighborhood (LX ,LX)
is an immersion of laminations. We recall that the set of embeddings of
laminations is endowed with the C1 compact-open topology (see the intro-
duction). We endow the space of immersions i of (A,Σ, T ) into a manifold
M , with the initial topology of the following inclusion into the product of
the spaces of embeddings from (LX ,LX) into M for every X ∈ Σ:
i 7→ (i|LX)X∈Σ
The initial topology is the coarsest one such that the above map is contin-
uous. Given an open subset A˙ ⊂ A, we denote by Σ|A˙ the stratification of
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laminations on A˙ whose strata are the restrictions X|X ∩ A˙ of the strata
X ∈ Σ to X ∩ A˙. Similarly the trellis structure T |A˙ is made by restricting
each tubular neighborhood (LX ,LX) to LX ∩ A˙.
Theorem 2.3 (Cor. 2.2.9 [Ber07]). Let (A,Σ) be a stratified space support-
ing a trellis structure T . Let i be an embedding of (A,Σ, T ) into a manifold
M . Let f be a C1 map from M into itself, which sends the closure of A into
A such that:
i. f preserves and normally expands each stratum X of Σ,
ii. f sends each plaque of LX included in f−1(LX) into a plaque of LX ,
iii. f |f−1(LX) ∩LX is forward plaque-expansive at X relatively to LX , for
every X ∈ Σ.
Let A˙ be an open subset of A whose closure is compact, included in A and
sent by f into A˙.
Then for f ′ C1 close to f , there exist an embedding i′ of (A˙,Σ|A˙, T |A˙)
into M , close to i|A˙ and a continuous map f ′∗ C0-close to f∗ := f |A˙ such
that the following diagram commutes:
f ′
M → M ′
i′ ↑ ↑ i′
A˙ → A˙
f ′∗
Moreover, there exists a family of neighborhoods (VX)X∈Σ in A˙ of (A˙ ∩
X)X∈Σ respectively such that for every f ′ C1 close to f , the map f ′∗ sends
each plaque of LX included in VX into the same leaf of LX as f∗.
Let us show how to apply this Theorem to prove the main Theorem.
Let (A,Σ) and T be the stratification of laminations and its trellis struc-
ture given by Proposition 1.14 for the AS compact set K for f . Let (Aˆ, Σˆ)
and Tˆ be those given by Corollary 1.14 for fˆ as in the main Theorem.
Let us apply Theorem 2.3 to the latter stratified space and trellis, with
the dynamics fˆ .
The preservation of Σˆ is clear. Property ii follows immediately from the
second item of Proposition 1.14. The normal expansion of Xˆi := pi
−1(Xi)
follows from the normal hyperbolicity of Λˆi := pi
−1(Λi) and from the be-
longing of the leaves of Xi to stable manifolds of Λi.
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Let us show Property iii for each stratum Xˆi ∈ Σˆ.
Let (xˆn)n and (yˆn)n be two close η-pseudo-orbits of fˆ
−1(Lˆi) which re-
spect the plaques of Lˆi. Let (xn)n and (yn)n be the images by pi of these
pseudo-orbits. By example 2.2, for η small enough, x0 and y0 belong to a
same small plaque of Xi. We can suppose that η is small enough so that
this plaque is included in a trivialization of pi : Mˆ →M . As xˆ0 and yˆ0 are
η-close and belong to the same preimage of a small plaque of a trivialization,
they belong to a same small plaque of Lˆi.
Take ′ <  and put:
A˙ := ∪x∈KW˜ s′(x).
By Lemma 1.16, the subset A˙ is open in A. By Fact 1.1, for x ∈ K, the
closure of each W˜ s′(x) is included in W˜
s
 (x) and so the closure of A˙ is included
in A. Furthermore, as f sends each W˜ s′(x) into W˜
s
λ′(f(x)), it sends cl(A˙)
into A˙.
Consequently we can apply Theorem 2.3 to (Aˆ, Σˆ), Tˆ and ˆ˙A := pi−1(A˙).
For fˆ ′ close to fˆ , we recall that i′ denotes the embedding of ( ˆ˙A, Σˆ| ˆ˙A)
and (Vˆi) := (VXˆi)i the family of neighborhoods given by the above Theorem.
By shrinking Vˆi we can suppose that Vˆi := pi
−1(Vi) with Vi := pi(Vˆi).
3 Proof of main Theorem 0.8
3.1 Tubular neighborhood of L
Let y ∈ Mˆ 7→ Fy be a smooth section of the Grassmannian of TMˆ C0-close
to the orthogonal of the tangent space to the fibers of pi. Hence we can
suppose that for y ∈ Mˆ :
Fy ⊕ kerTypi = TyMˆ
We endow F := unionsqy∈MˆFy with the canonical vector subbundle structure
of TMˆ . Let α > 0 be a small enough such that for every x ∈ L,
{(y, u) ∈ F : ‖u‖ < α, y ∈ Lx}
is embedded by the exponential map exp associated to the Riemannian
metric of Mˆ .
Let Exp : F → Mˆ
(y, u) 7→ expy
Ñ
α · u»
1 + ‖u‖2
é
.
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The factor α/
»
1 + ‖u‖2 makes, in particular, the restriction of Exp to each
fiber Fy a diffeomorphism onto its image denoted by Fy, for every y ∈ Mˆ .
We notice that the restriction of Exp to the zero section of F is equal
to the canonical inclusion of L into Mˆ .
Let G be the set formed by the submanifolds of Mˆ C1 diffeomorphic to
a fiber of pi. We endow G with the C1 uniform topology. The submanifolds
family (Fy)y∈L is useful for the following:
Claim 3.1. There exists an open neighborhood VG of {(x,Lx);x ∈ K} in
M × G, such that for every (x,N) ∈ VG, every y ∈ Lx, the submanifolds
Fy and N have a transverse intersection which consists of a unique point
I(y,N).
Moreover the map I is continuous and its differential with respect to
the first variable along LX exists, is injective and depends continuously on
(x,N) ∈ VG.
Proof. For every x ∈ K, every N ∈ G at a neighborhood of Lx is a transverse
section of the C1-foliation formed by the leaves (Fy)y∈Lx . The holonomy
from the section Lx to the section N defines a C1 maps I(·, N)|Lx : y ∈
Lx 7→ I(y,N).
For x′ close to x, the manifold Lx′ is C1-close to Lx and the foliation
(Fy)y∈Lx′ is C1 close to (Fy)y∈Lx . Thus the map I(·, N)|Lx depends con-
tinuously on x′ nearby x and N ∈ G nearby Lx for the C1-topology.
We cover the set {(x,L) : x ∈ K} by such neighborhoods in K ×G; the
union of this covering is the domain VG of the requested I.
For x ∈ K the subset of manifold N such that (x,N) is in G is called
the fiber of x in G.
We now proceed to the proof of Theorem 0.8 by distinguish two cases:
Whether or not (Λi) contains one dimensional pieces, that is pieces whose
stable dimension is one.
Along the proof fˆ ′ is supposed closer and closer to fˆ , and this even after
that the numbers η, δ, θ, σ will be implemented.
3.2 First step for the case without one dimensional pieces
Let us suppose there is none one dimensional pieces in (Λi)i. We suppose
that K contains sources (Λi)i>k and sinks (Λi)i≤k otherwise K = unionsqiΛi and
Theorem 0.8 is an immediate consequence of Theorem 0.7. We recall the
existence of a filtration (Ki)i of K adapted to (Λi)i.
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We notice that the leaves of the laminations (Lˆi)i>k given by Corollary
1.15 constructed in section 1.3 have the same dimension as L.
Theorem 2.3 provides a family of neighborhoods (Vˆi)i of the strata of
Σˆ|A˙, and for fˆ ′ close to f , an embedding i′ of Σˆ| ˆ˙A preserved by fˆ ′.
For M large enough, the compact set Wˆ := pi−1(W ) is included in the
neighborhood ∪i>kVˆi of (Λˆi)i>k, with W = cl(K \ f−M (Kk)). Also we note
that W is included in the basin of repulsion of (Λi)i≤k.
We denote by h : y ∈ Wˆ 7→ I(y, i′(Lx)), with x := pi(x).
Property 3.2. (a) h is an embedding from the lamination L|Wˆ into M ,
which is C1 close to the canonical inclusion,
(b) For every x ∈ f−1(W ), fˆ ′ sends h(Lx) onto h(Lf(x)):
fˆ ′(L′x) = L′f(x) with L′x := h(Lx).
(c) For every y ∈ Wˆ , h(y) belongs to Fy.
(d) For every n ≥ 0, every x, x′ ∈ W such that fˆ ′n(L′x) intersects L′x′
satisfy that x′ = fn(x).
Proof. Property (c) is obvious. Property (a) follows from Claim 3.1. Prop-
erty (b) holds since Wˆ is included in the union ∪i>kVˆi of neighborhoods
adapted to fˆ ′.
Property (d) for n ≤ 1 follows from the fact that W ⊂ ∪i>kVˆi and that
the trellis structure is embedded. For n ≥ 2, we notice that f2(W ) \ f(W )
is a compact set disjoint from W included in the attraction basin of (Λi)i≤k.
Thus the image fˆ ′n(Lx) is far from L′x′ for every n ≥ 2 and x, x′ ∈W .
We extend h to K in section 3.4.
3.3 First step for the case with one dimensional pieces
Let us now suppose there are one dimensional pieces in (Λi)i.
We suppose the basic pieces (Λi)
N
i=0 indexed such that attracting cycle
have indexes at most k, the one dimensional pieces have indexes in [k+ 1, l],
the repulsive cycle have indexes greater than l, where −1 ≤ k < l ≤ N .
We recall that the tubular neighborhoods (Lˆi, Lˆi)li=k+1 given by Corol-
lary 1.15 are compatible and so form a lamination Ls on the union Ls =
∪li=k+1Lˆi.
For every fˆ ′ nearby fˆ , let is be the restriction to Ls of the embedding i′
given by Theorem 2.3 applied to fˆ and the structures given by Corollary 1.15.
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We remark that is is an embedding of Ls close to the canonical inclusion.
We denote by V s ⊂ Ls the union of the adapted neighborhoods ∪li=k+1Vˆi.
We remark that V s is a neighborhood of pi−1(∪li=k+1W si ).
Furthermore every y ∈ V s has its image is(y) sent by fˆ ′ into the image
by is of a small Ls-plaque of fˆ(y).
We do exactly the same construction for the inverse dynamics. We de-
note by (Lu, Lu), iu and V u the lamination, embedding and neighborhood
obtained for fˆ ′−1 close to fˆ−1.
Property 3.3. We can fix M large enough such that V s ∩ fˆ−1(V u) is a
neighborhood (in L) of Wˆ with:
W := cl
Ä
fM (Kl) \ f−M (Kk)
ä
, and Wˆ := pi−1(W )
Proof. By Property 1.5, we have:⋂
M>0
cl(fM (Kl) \ f−M (Kk)) =
⋂
M>0
fM (Kl) ∩
⋂
M>0
f−M (Kck)
=
⋃
i≤l
W ui ∩
⋃
j>k
W sj =
⋃
k<i≤l
W ui ∩
⋃
k<j≤l
W sj .
As V s and V u are neighborhoods of the left side and righ side of the latter
intersection, it is a neighborhood of
⋂
M>0 cl(F
M (Kl)\f−M (Kk)) and so we
can conclude by compactness.
For η > 0 and x ∈W ∪f(W )∪f−1(W ), we denote by Lsη(x) the union of
Ls-plaques of diameter less than  which intersect Lx. Similarly, we define
Luη(x)
We fix η < δ small enough so that the following condition holds for fˆ ′
close enough to fˆ and x ∈W ∪ f(W ) ∪ f−1(W ):
(i) the transverse intersection L′x := is(Lsη(x)) t iu(Lsη(x)) belongs to the
fiber of x in VG,
(ii) the transverse intersection L′x := is(Lsδ(x)) t iu(Lsδ(x)) belongs also
to the fiber of x in VG,
(iii) fˆ ′ sends is(Lsη(x)) into is(Lsδ(f(x))),
(iv) fˆ ′ sends iu(Luη(x)) into iu(Luδ (f(x))).
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We put:
h := y ∈ Wˆ 7→ I
(
y, is
Ä
Lsη(x)
ä
t iu
Ä
Luη(x)
ä)
, with x := pi(y).
Property 3.4. (a) The map h is an embedding from the lamination L|Wˆ
into M , which is C1 close to the canonical inclusion.
(b) For every x ∈ f−1(W ) ∩W , fˆ ′ sends h(Lx) onto h(Lf(x)):
L′x = h(Lx) and h(Lf(x)) = fˆ ′ ◦ h(Lx).
(c) For every y ∈ Wˆ , h(y) belongs to Fy.
(d) For every x, x′ ∈W , n ∈ Z, if fˆ ′n(L′x) intersects L′x′ then x′ = fn(x).
Proof. Property (c) is obvious. Property (d) is proved as in Property 3.2.
Let us prove Property (a). By Claim 3.1, the map h is an immersion of
the lamination L|W into Mˆ close to the canonical inclusion, for fˆ ′ close to
fˆ . Let us show that h is injective. As h is close to the canonical inclusion, if
two different points of W have the same image by h, they belong to different
manifolds Lx and Lx′ . However is and iu are embeddings of laminations,
and so the manifolds Lx and Lx′ belong to the same intersection of Luδ (x)
with Lsδ(x), equal to the single manifold Lx. This is a contradiction.
By compactness of W , the map h is an embedding.
Let us prove Property (b). The continuous map h sends Lx onto a
compact subset of L′x. As h is an immersion, h(Lx) is also an open subset
of L′x. Since h is close to the canonical inclusion, by connectedness, L′x =
h(Lx).
By (i)- (iv), f ′ sends each L′x into L′f(x) for x ∈ W ∩ f−1(W ). For the
same reason the first equality holds.
Remark 3.5. By (c), for every y ∈ Wˆ ∩ fˆ(Wˆ ), hˆ(y) = I(y, h(Lx)), with x =
pi(y), since h(Lx) is close to Lx by (a). By (b), h(Lx) equals fˆ ′ ◦h(Lf−1(x)).
Consequently h(y) = I
Ä
y, fˆ ′ ◦ h(Lf−1(x))
ä
.
3.4 Second step of the construction
Let us now extend h to f−M (Kk)∪W , such that Properties (a)-(b)-(c)-(d)
are still satisfied.
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We recall that (Λi)i≤k are attracting cycles and so their preimages (Λˆi)i≤k
by pi are normally contracting submanifolds. By Theorem 0.7, the subman-
ifolds (Λˆi)i≤k persist to submanifolds (Λˆ′i)i≤k preserved by fˆ ′ close to fˆ .
By normal contraction of Λˆi, for every θ > 0 small enough and then
σ > 0 small, the cone field χ on Mˆ whose cone at y ∈ Mˆ is χ(y) := {v ∈
TyM \{0} : ∠(v,Ker Typi) < θ} satisfies the following properties for fˆ ′ close
enough to fˆ :
1. The σ-neighborhood Vˆ of unionsqi≤kΛˆi is sent into itself by fˆ ′.
2. For every y ∈ Vˆ :
cl
(
T fˆ ′
Ä
χ(y)
ä)
⊂ χ
Ä
fˆ ′(y)
ä
∪ {0}.
3. The intersection between χ(y) and the tangent space of any manifold
Fz = Exp(Fz) is empty, for every y ∈ Vˆ .
4. For every x ∈ K, every submanifold N belongs to the G fiber of x, if
the tangent space of N is in cl(χ) and if the manifolds N and Lx are
in the same component of Vˆ .
By Property 1.5, there exists M ′ > 0 such that pi−1(fM ′−1(Kk)) is in-
cluded in Vˆ .
We suppose that fˆ ′ is sufficiently close to fˆ in order that (fn(x), fˆ ′n(L′x))
belongs to VG for every x ∈W and n ≤M +M ′.
By remark 3.5, for fˆ ′ close enough to fˆ , we can extend h to
⋃M+M ′
n=0 fˆ
n(Wˆ )
by:
y ∈
M+M ′⋃
n=0
fˆn(Wˆ ) 7→ I
Ä
y, fˆ ′n(L′f−n(x))
ä
, if y ∈ fˆn(Wˆ ).
Such an extension is still denoted by h. By remark 3.5, h is smooth. By
(d), h is an embedding.
We remark that every fˆ ′ close enough to fˆ satisfies for every x ∈
fM
′−1(Kk \ f−1(Kk)) that L′x is included in Vˆ and its tangent space is
in cl(χ). By fˆ ′-stability of these sets, for every n ≥ 0, fˆ ′n(L′x) is included in
Vˆ and its tangent space is in cl(χ). Consequently
Ä
fn(x), fˆ ′n(L′x)
ä
belongs
to VG.
Thus we can define the extension on Uˆ := ∪n≥0fˆn(Wˆ ) ∪⊔i Λˆi:
y ∈ Uˆ 7→
®
I(y, fˆ ′n(L′x)) if x := f−n ◦ pi(y) ∈W,
I(y, Λˆ′i) if y ∈ Λˆ′i and i ≤ k.
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that we denote still by h.
We still denote by L′x the manifold h(LX) for every x ∈ U := pi(Uˆ). We
remark that h satisfies :
(b) For every x ∈ U , fˆ ′ sends h(Lx) onto h(Lf(x)):
fˆ ′(L′x) = L′f(x) with L′x := h(Lx).
(c) For every y ∈ Uˆ , h(y) belongs to Fy.
(d) For every x, x′ ∈ U , n ∈ Z, if fˆ ′n(L′x) intersects L′x′ then x′ = fn(x).
Proof that h is an immersion It remains only to prove the continuity
of h and the continuity of its differential with respect to TL. As f sends Kk
into its interior and since ∩n≥0fn(Kk) is equal to unionsqi≤kΛi, we only need to
show this on unionsqi≤kΛˆi.
Let us begin by proving of the continuity of h. Let (yn)n ∈ KNk be
converging to y ∈ unionsqi≤kΛˆi. Let xn := pi(yn) and x := pi(y).
By Arzela`-Ascoli Theorem, there exists an accumulation point L′′ of
(L′xn)n which is a Lipschitz submanifold close to Lx.
By uniqueness of the normally hyperbolic manifolds (See [HPS77]), the
manifolds Lx and L′′ are equal. Thus any accumulation point of (h(yn))n =Ä
I(yn,L′xn)
ä
n
converges to h(y) = I(y,L′x). This shows the continuity of h.
Let us show by the sake of contradiction the continuity of the derivative
of h with respect to TL at unionsqi≤kΛˆi. Let (yn)n ∈ UˆN which converges to
y ∈ unionsqi≤kΛˆi, such that (Th(yn))n does not converge to Th(y). As Th(TynL)
is included in cl(χ) for every n ≥ 0, we can suppose that (Thi(TynL))n
converges to a d-plane P ′ ⊂ cl(χ) different of P := Th(TyL) ⊂ cl(χ). By
Property (b), T fˆ ′−k(P ) and T fˆ ′−k(P ′) are included in the closure of χ(fˆ ′−k◦
h(y)) for every k large. By projective hyperbolicity of the cone field χ, we
get a contradiction.
Proof that h is an embedding It is sufficient to show that h is injective
since Uˆ is compact. Also by Property (c), it is sufficient to prove that two
different leaves of L|fˆM (Kˆl) have disjoint images by h.
The injectivity of h on ∪mn=0fˆn(Wˆ ) follows from an easy induction on m
by using (d). This implies the injectivity of h on ∪n≥0fˆn(Wˆ ).
The injectivity of h on unionsqi≤kΛˆi is obvious.
Let y ∈ unionsqi≤kΛˆi and y′ ∈ Uˆ be sent to the same image by h. Let x := pi(y)
and x′ := pi(y′).
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The point y′ cannot belong to a certain fˆn(Wˆ ) since this would imply
that Lf−n(x′) = fˆ ′−n(Lx) intersects Lf−n(x) = fˆ ′−n(Lx′), which is impossible
since Wˆ and unionsqi≤kΛˆi are disjoint compact set.
Thus the point y′ belongs to the manifold unionsqi≤kΛˆi, and so is equal to y.
This proves the injectivity of h.
Conclusion In the case where (Λi)i does not contain one dimensional
pieces, then we are done since L = Uˆ .
Otherwise we proceed following the same way, but by inversing the dy-
namics, to extend h to K.
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